Parameter identification for cracks in elastic plate structures based on remote strain fields  by Boukellif, Ramdane & Ricoeur, Andreas
International Journal of Solids and Structures 51 (2014) 2123–2132Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rParameter identiﬁcation for cracks in elastic plate structures based on
remote strain ﬁeldshttp://dx.doi.org/10.1016/j.ijsolstr.2014.02.017
0020-7683/ 2014 Elsevier Ltd. All rights reserved.
⇑ Corresponding author. Tel.: +49 (0) 561 804 2824; fax: +49 (0) 561 804 2720.
E-mail address: ramdane.boukellif@uni-kassel.de (R. Boukellif).Ramdane Boukellif ⇑, Andreas Ricoeur
Institute of Mechanics, Department of Mechanical Engineering, University of Kassel, 34125 Kassel, Germany
a r t i c l e i n f o a b s t r a c tArticle history:
Received 25 April 2013
Received in revised form 19 November 2013
Available online 28 February 2014
Keywords:
Monitoring fatigue cracks
Body force method
Inverse problems
Parameter identiﬁcationA method for the detection of cracks in plate structures is presented. In contrast to most of the common
monitoring concepts taking advantage of the reﬂection of elastic waves at crack faces, the presented
approach is based on the strain measured at different locations on the surface of the structure. This allows
both the identiﬁcation of crack position parameters, such as length, location and angles with respect to a
reference coordinate system and the calculation of stress intensity factors (SIF). The solution of the direct
problem is performed on the basis of the BFM (body force method). The inverse problem is solved apply-
ing the particle swarm optimization (PSO) algorithm. The BFM is based on the principle of linear super-
position which allows the calculation of the strain ﬁeld in a cracked body. The strain at an arbitrary point
in the structure is replaced by the strain provided by body force doublets in the uncracked structure. The
doublets as well as external loads are parameters which have to be determined solving the inverse prob-
lem by minimizing a ﬁtness function, which is deﬁned by a square sum of residuals between measured
strain distributions and computed ones for an assumed crack. The PSO algorithm applied to the ﬁtness
function operates on the basis of a swarm of candidate solutions. Once knowing loading and crack
parameters, the SIF can be determined.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Engineering structures are in general exposed to cyclic or sto-
chastic mechanical loading. Exhibiting incipient cracks, particu-
larly light-weight shell and plate structures suffer from fatigue
crack growth, limiting the life time of the structure and supplying
the risk of a fatal failure. Due to the uncertainty of loading bound-
ary conditions and the geometrical complexity of many engineer-
ing structures, numerical predictions of fatigue crack growth
rates and residual strength are not reliable. Most experimental
monitoring techniques, nowadays, are based on the principle of
wave scattering at the free surfaces of cracks. Many of them are
working well, supplying information about the position of cracks.
One disadvantage is, that those methods do not yield any informa-
tion on the loading of the crack tip. On the other hand, there are
techniques to measure the stress intensity factors e.g. applying a
strain gauge in front of the crack tip. However, this method does
not allow for crack growth. Goal of our work is the developmentof a monitoring concept supplying both the information on the ac-
tual crack position and the stress intensity factors. This enables a
more comprehensive and reliable survey of structures, based on
both the knowledge of the actual crack position and a numerical
prediction of further crack development from crack tip loading
parameters. In Bäcker et al. (2011) this goal is pursued interpreting
electric signals from a piezoelectric foil ﬁxed to the surface of the
structure. There, the crack tip near ﬁeld is used for crack parameter
identiﬁcation. In this work, we use strain gauges to measure the re-
mote strain ﬁeld at different positions on the surface of a plate or
shell structure. The ﬁelds are controlled by both external loads
and the crack growth. Representing external loads by equivalent
crack surface tractions and an additional parameter not depending
on the crack conﬁguration, the crack length and stress intensity
factors can be calculated based on crack density functions solving
the inverse boundary value problem using the method of gradient
search (Chen and Nisitani, 1993). The approach presented in this
paper is based on the weighted superposition of elastic Green’s
functions representing the strain ﬁeld due to the presence of a
crack, the weights being identiﬁed by inverse problem solution.
Experiments are carried out under cyclic loading using pre-cracked
plates made of the aluminum alloy Al-7075 commonly used for air-
craft applications.
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The BFM was originally proposed for elastic stress analysis
(Nisitani, 1968). The elastic ﬁeld under investigation can be written
in a closed form by superposing speciﬁc known elastic ﬁelds, mul-
tiplied by unknown weights (Nisitani and Chen, 1994):
elastic field
under
investigation
¼
X
i
specific known
solution of
elastic field
i
 unknown
weights
i
ð1Þ
In Eq. (1), the elastic ﬁeld under investigation is the solution of the
given problem satisfying boundary conditions by adjustment of the
unknown weights. Therefore, the applicability of this approach to
the analysis of a boundary value problem depends on whether the
unknown weights exist or not. The body force method uses the fun-
damental solutions of elastic ﬁelds i.e. solutions due to point body
forces (Nisitani et al., 1983) or displacement jumps (Noda and
Oda, 1992) distributed continuously along an imaginary boundary.
For a crack problem in an inﬁnite body, e.g., the imaginary boundary
corresponds to the crack faces. The displacements and stresses at
any point P in an inﬁnite plate due to a point force can be expressed
as follows (Saimoto and Nisitani, 1997):
uiðPÞ ¼
Z
C
ui ðP;QgÞ/gðQÞdC; ð2Þ
rijðPÞ ¼
Z
C
rijðP;QgÞ/gðQÞdC; ð3Þ
where ui ðP;QgÞ; rijðP;QgÞ are the displacement and the stress at P
due to a unit point force acting at a point Q, in the g-direction, C is
an imaginary boundary and /g is the unknown density of body
forces in the g-direction corresponding to the magnitude per unit
length C of the point force at Q. By taking the limit P ! PC , where
PC is a point on C, boundary integral equations are obtained for
determining the unknown densities.
As the left hand side quantities in Eqs. (2) and (3) are then given
as boundary conditions, the unknowns /gðQÞ can be determined by
calculating the line integral analytically obtaining a closed-form
solution or by using a discretization procedure. Once the un-
knowns have been determined, Eqs. (2) and (3) are applied to the
calculation of the displacements or stresses at any point P. If the
cracked plate is ﬁnite, the edges are represented by imaginary
boundaries Ce. Accounting for free surface boundary conditions,
the point P is shifted towards Ce leading to integral equations with
zero tractions.
In an inﬁnite elastic sheet, the stress ﬁeld at a point P with the
coordinate z ¼ xþ iy due to a point force F ¼ Fx þ iFy acting at a
source point z0 ¼ x0 þ iy0, see Fig. 1(a), can be expressed in terms
of complex potentials (Kelvin solution) as(a)
ξ
η
Fx
Fy
z
z0
x
y
P (x y)
Q(x0 y0)
Fig. 1. Deﬁnitions for the derivation of fundamental solutions: (a) for an inﬁnite elasticUðzÞ ¼  Fx þ iFy
2pðjþ 1Þ lnðz z0Þ; ð4Þ
WðzÞ ¼ j Fx  iFy
2pðjþ 1Þ lnðz z0Þ þ
Fx þ iFy
2pðjþ 1Þ
z0
z z0 ; ð5Þ
where a quantity provided with a bar, e.g. z0, denotes the conjugate
complex and i is the imaginary unit deﬁned as i2 ¼ 1. The constant
j is related to Poisson’s ratio m as j ¼ ð3 mÞ=ð1þ mÞ for plane
stress and j ¼ 3 4m for plane stain. Considering the fundamental
solution for edge cracks, the stress ﬁeld at a point z due to a concen-
trated force F ¼ Fx þ iFy acting at the boundary, see Fig. 1(b), can be
expressed in terms of complex potentials as reported in Becker and
Gross (2002), Muskhelishvili (1953), Saad (2005) and England
(1971). In this case, the coordinate systems ðx; yÞ and ðg; nÞ coincide
and the source point Q is located at the point of origin. The poten-
tials are obtained from Eq. (4) setting z0 ¼ 0 and j ¼ 0 and Eq. (5)
with z0; z0 ¼ 0 and j=ðjþ 1Þ ¼ 1.
The fundamental solution for the stresses is derived applying
Kolosov’s equations (Muskhelishvili, 1953) inserting holomorphic
complex potentials UðzÞ and WðzÞ.
Stresses ﬁelds due to a point force acting on the upper and low-
er parts of the imaginary boundary are characterized by a pair of
body forces, see Fig. 2(a). Equivalently, local stresses dPnn and
dPgn can be introduced, see Fig. 2(b) (Nisitani et al., 1983). Fig. 3
shows in detail the relation between force doublets dFg; dFn and
local stresses Pgg; Pnn; Pgn (Siamoto and Imai, 2010).
Analytically, the relation is
Pgg ¼ lim
d!0
ðdFgÞ; ð6Þ
Pnn ¼ lim
d!0
ðdFnÞ; ð7Þ
Pgn ¼ lim
d!0
d ðFg þ FnÞ: ð8Þ
According to the body force method, the strain ﬁeld due to cracks
(Fig. 4(a)) can be replaced by the strain ﬁeld due to body force dou-
blets (pairs of point forces) distributed continuously along the pro-
spective boundaries C of the cracks in the homogeneous inﬁnite
plate as shown in Fig. 4(b). Alternatively, the stress and strain ﬁelds
in the cracked body can be approximated replacing the crack by just
one source point as depicted in Fig. 4(c) (Chen and Nisitani, 1993).
Applying the principal of linear superposition, the strain ﬁeld at an
arbitrary ﬁeld point P is calculated according to
eijðPÞ ¼
Z
C
eijðP;QgÞ/gðQÞdCþ
Z
C
eijðP;Q nÞ/nðQÞdC
þ
X
kl¼yy;xy
~eklij ðPÞr1kl : ð9Þ(b)
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sheet with centered point force Q, (b) for a half plane with surface point force Q.
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Fig. 2. (a) Point forces dFg; dFn acting on the upper and lower parts of the imaginary boundary C (crack); (b) equivalent pair of local normal and shear stresses dPnn and dPgn .
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Fig. 3. Equivalence of force doublets dFg; dFn and local stresses Pgg; Pnn; Pgn for two-dimensional crack problems.
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Fig. 4. (a) Plate with crack and external loads r1yy; r1xy and ﬁeld point P; (b) crack is replaced by body force doublets producing identical strain ﬁeld; (c) approximation of the
alignment of force doublets by one concentrated force doublet at the source point Q.
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uniform stress r1kl applied at inﬁnity, while eijðP;QgÞ and eijðP;Q nÞ
are, respectively, the strains at the same point due to the tensile
and shearing sets of point force doublets acting at the source point
Q. Within the framework of linear elasticity the latter are also
known as fundamental solutions. The unknown densities of body
forces are denoted by /gðQÞ and /nðQÞ. These densities can be ob-
tained in a closed form and are deﬁned by the following equations
(Chen and Nisitani, 1993):
dPgnðQÞ ¼ /gðQÞdC; ð10ÞdPnnðQÞ ¼ /nðQÞdC; ð11Þ
where Pgn and Pnn are concentrated body force doublets. Based on
the solution for the problem of an inﬁnite plate having a crack,
/xðQÞ and /yðQÞ are related to the crack length 2a and the loading
stresses as follows (Nisitani et al., 1983):
/nðQÞ ¼
ðjþ 1Þ2r1nn
2ðj 1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  g2
q
; ð12Þ
/gðQÞ ¼
ðjþ 1Þr1gn
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  g2
q
; ð13Þ
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with respect to the local crack coordinate system, see Fig. 4(a).
The remote stresses r1yy and r1xy are transformed into the local crack
coordinate system according to
r1nn ¼ r1xx sin2 aþ r1yy cos2 a 2r1xy sin a cos a; ð14Þ
r1gn ¼ r1xyðcos2 a sin2 aÞ þ r1yy  r1xx
 
sin a cos a: ð15Þ
Making use of the approximation according to Fig. 4(c), i.e. replac-
ing the crack by just one source point Q, the integration dC in Eq.
(9) is dispensable. The strain eijðPÞ at a point P is thus expressed
as follows:
eijðPÞ ¼ eijðP;QgÞPgn þ eijðP;QnÞPnn þ
X
kl¼yy;xy
~eklij ðPÞr1kl ; ð16Þ
where
Pnn ¼
Z a
a
/nðQÞdg ¼
pa2ðjþ 1Þ2
4ðj 1Þ r
1
nn; ð17Þ
Pgn ¼
Z a
a
/gðQÞdg ¼
pa2ðjþ 1Þ
4
r1gn: ð18Þ
eijðP;QgÞ and eijðP;Q nÞ are, respectively, the strain eijðPÞ at a point P
due to concentrated body force doublets Pgn and Pnn. In Eq. (16), the
force doublets Pgn and Pnn refer to the local coordinate system re-
lated to the crack. They may be transformed with respect to the glo-
bal coordinate system ðx; yÞ by the following relations (see Fig. 5):
Txx ¼ Pnn sin2 a jþ 1j 1 Pgn cos a sin a; ð19Þ
Tyy ¼ Pnn cos2 aþ jþ 1j 1 Pgn cos a sin a; ð20Þ
Txy ¼ Pgnðcos2 a sin2 aÞ  2Pnn j 1jþ 1 cos a sin a: ð21Þ
By substituting Eqs. (19)–(21) into Eq. (16), the strain eijðPÞ is ex-
pressed as:
eijðPÞ ¼
X
ns¼xx;yy;xy
feijðP;QnsÞTnsg þ ~eyyij r1yy þ ~exyij r1xy: ð22Þ
The complex potentials of the force doublet corresponding to the
Kelvin solution can be expressed as follows:
UTðzÞ ¼ Txx  Tyy2pðjþ 1Þ
1
z z0 ; ð23Þx
y
P ξ
ηPξ
ξ Pηξ σ∞xy
σ∞xy
Q
σ∞yy
=
Fig. 5. Transformation of the body force doublets from tWTðzÞ ¼  j 12pðjþ 1Þ
Txx þ Tyy
z z0 þ
Txx  Tyy þ 2iTxy
2pðjþ 1Þ
z0
ðz z0Þ2
: ð24Þ
The fundamental solution for the stresses due to the body force
doublets are derived applying Kolosov’s equations using the com-
plex potentials of the force doublet Eqs. (23) and (24).
The stresses at an arbitrary point P due to the body force dou-
blet Txx are:
rTxxxx ðPÞ ¼
Txx
2pðjþ 1ÞR
zð1 jÞ þ z0ðjþ 1Þ þ 2z0  4Rfzg
ðz z0Þ3
( )
ð25Þ
rTxxyy ðPÞ ¼
Txx
2pðjþ 1ÞR
ðz z0Þðj 5Þ þ 4Rfz z0g
ðz z0Þ3
( )
ð26Þ
rTxxxy ðPÞ ¼
Txx
2pðjþ 1ÞI
ðz z0Þðj 1Þ þ 2ðz z0Þ
ðz z0Þ3
( )
ð27Þ
The stresses at an arbitrary point P due to the body force doublet Tyy
are:
rTyyxx ðPÞ ¼ Tyy2pðjþ 1ÞR
zð1 jÞ þ z0ðj 1Þ þ 4Rfz z0g
ðz z0Þ3
( )
ð28Þ
rTyyyy ðPÞ ¼ Tyy2pðjþ 1ÞR
zð1þ jÞ  z0ðjþ 3Þ  2z0 þ 4Rfz0g
ðz z0Þ3
( )
ð29Þ
rTyyxy ðPÞ ¼ Tyy2pðjþ 1ÞI
ðzð1þ jÞ þ z0ð1 jÞ þ 2z0  4Rfzg
ðz z0Þ3
( )
ð30Þ
The stresses at an arbitrary point P due to the body force doublet Txy
are:
rTxyxx ðPÞ ¼  2Txypðjþ 1ÞI
z0
ðz z0Þ3
( )
ð31Þ
rTxyyy ðPÞ ¼ Txypðjþ 1ÞI
z0
ðz z0Þ3
( )
ð32Þ
rTxyxy ðPÞ ¼  2Txypðjþ 1ÞR
z0
ðz z0Þ3
( )
ð33Þx
y
P
Txx
Tyy
Txy
σ∞xy
σ∞xy
Q
σ∞yy
he local (g; n) to the global (x; y) coordinate system.
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Fig. 6. schematic representation of the movement of two particles within the framework of the PSO algorithm.
Table 1
Parameters chosen for the PSO algorithm.
PSO parameters Values
Numbers of particles i 100
Maximal iteration steps n 1000
Inertial factor w 0:9
Random numbers r1 and r2 0 or 1
Relative inﬂuence of the social components c1 1
Relative inﬂuence of the cognitive components c2 1
Dimension of search space/number of unknowns D 6
Fig. 7. Scheme for the identiﬁcation of crack and loading parameters based on an
inverse solution.
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stress conditions:
exx ¼
1
E
rxx  mryy
 
; ð34Þ
eyy ¼
1
E
ryy  mrxx
 
; ð35Þ
cxy ¼
2ð1þ mÞ
E
rxy; ð36Þ
where E is Young’s modulus.
Based on measured strains and Eq. (22), the problem under con-
sideration is reduced to searching for the optimal set of unknown
parameters Tns; r1ns (ns ¼ xx; yy; xy) and the crack center coordi-
nate (x0; y0). Due to the modeling of the crack according to Fig. 4
and the transformation depicted in Fig. 5, the crack parameters
are uniquely incorporated in the force doublets Tns. The crack incli-
nation a and crack half length a are thus determined from the fol-
lowing equations (Chen and Nisitani, 1993):
j 1
jþ 1 ðTyy  TxxÞ cos 2a Txy sin 2a ¼
j 1
jþ 1 ðTxx þ TyyÞ; ð37Þ
a ¼ 2
jþ 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðj 1ÞðTxx þ TyyÞ
pr1nn
s
: ð38Þ
The stress intensity factors K I and K II are calculated by relating r1nn
and r1gn to r1xx;r1yy, r1xy and a by the use coordinate transformation:
K I ¼ r1nn
ﬃﬃﬃﬃﬃﬃ
pa
p
¼ r1xx sin2 aþ r1yy cos2 a 2r1xy sin a cos a
h i ﬃﬃﬃﬃﬃﬃ
pa
p
; ð39Þ
K II ¼ r1gn
ﬃﬃﬃﬃﬃﬃ
pa
p
¼ r1xyðcos2 a sin2 aÞ þ ðr1yy  r1xxÞ sin a cos a
h i ﬃﬃﬃﬃﬃﬃ
pa
p
: ð40Þ3. Solving the inverse problem using the PSO
For linear inverse theory, Tichonov regularization is often used
although it cannot handle large scale applications within a reason-
able amount of time and memory. Similar to the Tichonov solution,
subspace and hybrid techniques are applied. These techniques re-
quire substantially less computing time and memory than Ticho-
nov regularization (Bui, 2006; Haber, 1997). Classical nonlinear
optimization algorithms such as the principal axis method (Brent,
1973) or the Levenberg–Marquardt method (Moré, 1977) are well
σxx
σxx
0
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−2000
0
15
0
−15
4E10−7
0.003
−2000
−2000
2000
Txx
0
Txx
Fig. 8. Fitness function for a problem with two unknowns rxx and TxxðaÞ for the demonstration of local minima.
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identiﬁed. The principal axis method, in particular, is known as one
of the best optimization algorithms not needing any information
on the gradient of the function. It proves to be less sensitive to-
wards the initial values of the iteration and goes along with a high-
er numerical robustness compared to the Levenberg–Marquardt
method. The use of neural networks for solving inverse problems
of nonlinear equations is demonstrated for example by Guo and
Zeng (2010) and Mathia and Saeks (1995). Swarm algorithms are
usually based on the same idea. They simulate a set of agents (par-
ticles) that communicate with each other while exchanging infor-
mation collected from the environment. The particles are not
centrally controlled but obey simple rules of conduct that are the
same for every individual in the swarm. Comparable intelligence
is observed in nature, for example with birds, ants and bees.
The particle swarm optimization (PSO) was originally devel-
oped by Kennedy and Eberhart (Eberhart and Kennedy, 1995; Ken-
nedy and Eberhart, 1995) for effectively ﬁnding optimal solutions
in large search spaces. Later, they compared the PSO to genetic
algorithms (Eberhart and Shi, 1998). The approach simulates the
social behavior among individuals particles, moving through a
multidimensional search space. At each iteration, the particles
evaluate their positions relative to a goal (ﬁtness) accounting for
memories of their best positions and for those of the particles in
a local neighborhood. These informations are used to adjust their
own velocities, and thus control subsequent positions. The PSO for-
mulae deﬁne each particle as a potential solution to a problem in a
D-dimensional space, with a particle i being represented by
xi ¼ ðxi1; xi2; . . . ; xiDÞ. Thus, D represents the number of unknowns
involved in a problem. Each particle also maintains a memory of
its previous best position, Ai ¼ ðAi1;Ai2; . . . ;AiDÞ. The velocity with
respect to each dimension is represented by
v i ¼ ðv i1;v i2; . . . ;v iDÞ. At each iteration step n, the vector Ai of the
particle with the best ﬁtness in the local neighborhood is desig-
nated by G. The velocity v i is then used to compute a new position
for the particle (Kennedy, 1997a,b). With the addition of an inertial
factor w, suggested by Shi and Eberhart (1998), the respective for-
mulae are:
v i;nþ1 ¼ wv i;n þ c1ðr1ÞðAbesti;n  xi;nÞ þ c2ðr2ÞðGbestn  xi;nÞ; ð41ÞFig. 9. Plate (100 100 mm) with an internal crack, measuring points and the
unknown parameters r1yy; a; a; x0; y0.xi;nþ1 ¼ xi;n þ v i;nþ1Dt; ð42Þ
where r1 and r2 are independently generated random boolean num-
bers (0 or 1). The constants c1 and c2 determine the relative inﬂu-
ence of the social and cognitive components, and are usually both
chosen equal in order to identically weight cognitive and social
learning rates (Angeline, 1998). The interpretation of Eq. (41) and
Eq. (42) is illustrated in Fig. 6, the selected parameters are pre-
sented in Table 1.The solution of the inverse problem outlined in the previous
section is carried out by minimizing a ﬁtness function, deﬁned as
(Kennedy and Eberhart, 1995; Oda et al., 2011)
fitness ¼
XM
m¼1
X
ij¼xx;yy;xy
feijðPmÞ  eijðPmÞg2: ð43Þ
The ﬁtness function is deﬁned by a square sum of residuals between
measured and computed strains eij and eij at positions Pm for an as-
sumed cracked structure. The calculation method for the determi-
nation of the crack and loading parameters is shown in Fig. 7. For
our parameter identiﬁcations, we extended a commercially avail-
able software tool to enable the identiﬁcation of more than two
parameters.
In principle, the ﬁtness function may exhibit several local min-
ima. For the investigated problems, the one physical solution could
always be identiﬁed even with a vague choice of initial conditions.
Fig. 8 shows a plot of the ﬁtness function for a simple case of two
unknowns, i.e. the external loading rxx and the body force Txx from
which the length a of an edge crack is extracted. In this simple
example, there is just one minimum, which is depicted in the right
plot.4. Veriﬁcation of the concept
First, veriﬁcations of the monitoring concept have been carried
out numerically based on Finite Element (FE) calculations. An
internal crack located at ðx0; y0Þ was considered as shown in
Fig. 9. The strain eijðPmÞ emerging from FE-calculations is ‘‘mea-
sured’’ at points Pm (m = 1, . . . ,8) representing the positions of
Table 2
Results for crack and loading parameters solving the inverse problem (obtained
results) and parameters of the FE-calculation (given problem).
Given problem Obtained results
Case 1
ðx; yÞ ¼ ð66;44 mmÞ
ðx^; y^Þ ¼ ð74;36 mmÞ
r1yy ¼ 30 MPa r1yy ¼ 30;0477 MPa
a ¼ 1 mm a ¼ 1;17 mm
x0 ¼ 70 mm x0 ¼ 70;1753 mm
y0 ¼ 40 mm y0 ¼ 43;2214 mm
a ¼ 10 a ¼ 10;33
K I ¼ 51;57 MPa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mm
p
K I ¼ 55;76 MPa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mm
p
K II ¼ 9;09 MPa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mm
p
K II ¼ 10;16 MPa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mm
p
Case 2
ðx; yÞ ¼ ð26;34 mmÞ
ðx^; y^Þ ¼ ð34;26 mmÞ
r1yy ¼ 50 MPa r1yy ¼ 50;05 MPa
a ¼ 2 mm a ¼ 1;68 mm
x0 ¼ 30 mm x0 ¼ 29;705 mm
y0 ¼ 30 mm y0 ¼ 36;5226 mm
a ¼ 20 a ¼ 20;62
K I ¼ 110;67 MPa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mm
p
K I ¼ 100;72 MPa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mm
p
K II ¼ 40;28 MPa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mm
p
K II ¼ 37;9 MPa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mm
p
Case 3
ðx; yÞ ¼ ð56;54 mmÞ
ðx^; y^Þ ¼ ð64;46 mmÞ
r1yy ¼ 70 MPa r1yy ¼ 70;28 MPa
a ¼ 4 mm a ¼ 4;28 mm
x0 ¼ 60 mm x0 ¼ 59;526 mm
y0 ¼ 50 mm y0 ¼ 54;313 mm
a ¼ 35 a ¼ 34;377
K I ¼ 166;5 MPa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mm
p
K I ¼ 175;45 MPa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mm
p
K II ¼ 116;6 MPa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mm
p
K II ¼ 120;13 MPa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mm
p
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coordinates ðx^; y^Þ and ðx; yÞ. A numerical instead of an analytical
solution has been chosen in order to simulate measuring errors
occurring at real experiments. The model exhibits an edge length
of 100 mm. The ﬁve ‘‘unknowns’’ used for numerically verifying
the identiﬁcation procedure are r1yy; a; x0; y0; a. The SIFs K I and
K II are calculated subsequently based on the ﬁve primary variables.
Table 2 shows the given problem for three parameter sets, i.e.
the parameters the FE-simulation is based on, and the obtained re-
sults, i.e. the outcomes of the inverse identiﬁcation scheme. Both
normal and shear strains have been taken into account for the
parameter identiﬁcation. The stresses r1yy, the coordinate x0 and
angle a are reproduced most accurately in all three cases. The crack
length a and the coordinate y0 exhibit the largest deviations from
the reference values amounting from 7% to 22%. Of course, the
accuracy of the stress intensity factors depends on the accuracy
of the ﬁve primary variables.
To study the inﬂuence of the distance of strain gauges on the
accuracy of parameter identiﬁcation, the conﬁgurations depicted
qualitatively in Fig. 10 have been investigated. Five different rect-
angles indicate both the original positions of ‘‘numerical strain
gauges’’ according to Table 2 (case 3) and variations (1) to (4).
Along each of the rectangles, eight gauges are distributed just as
shown in Fig. 9. In Fig. 11, results in terms of errors are presented
for all parameters which have been identiﬁed. It becomes obvious
that the disturbance of the strain ﬁeld due to the crack decays suf-
ﬁciently slow with distance that results are still accurate enough,
except for the outermost contour.
Besides numerical simulations, ﬁrst hardware experiments
have been carried out. Here, loading rxx and crack length a have
been used as sole parameters. In contrast to the numerical example
in Fig. 9 and Table 2, an edge crack located in the middle of a plate
made of Al-7075, as shown in Fig. 12, has been investigated. The
strain eijðPmÞ was measured using strain gauges at points
P1ð34;35Þ; P2ð24;10Þ; P3ð20;35Þ, P4ð15;60Þ; P5ð17;10Þ,
P6ð17;50Þ; P7ð35;40Þ, where the numbers in brackets denotey
(0,0)
(36,74)
(52,5
(44,34)
(28,18)
Fig. 10. Plate with crack position according to case 3positions in mm starting from the crack edge. The gauges have a
sensitive area of 6 7 mm and supply only normal strains in the
x- and y-directions. The crack length ranges from a ¼ 16 mm tox
(92,82)
(76,66)
8)
(68,42)
(84,26)
(1) (2) (3) (4)
(100,100)
in Table 2. Different locations of strain gauges.
Fig. 11. Errors with identiﬁed parameters a;r1yy; a; x0; y0; KI and KII based on
strains at locations (1)–(4) indicated in Fig. 10.
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rxx ¼ 24 MPa. The indices xx refer to the coordinate system for
an edge crack according to Fig. 1(b). A cyclic load was imposed
upon the specimen using a hydraulic 250 kN testing machine.
Thus, a subcritical fatigue crack growth was operated with a fre-
quency of 3 Hz. The forces were continuously measured by a load
cell (error of 0.30 MPa). The crack length was observed in situ
with a microscope connected to a camera (error of 0.25 mm),
see Fig. 12 (right). The crack opening displacement was controlled
electronically. The plots in Fig. 13 show the comparison between
the observed and the identiﬁed crack parameters and SIFs. The
identiﬁed parameters emanate from the solution of the inverse
problem and are represented by two plots. The one (dashed line)
shows results from measured strains. The other (dotted line) is
based on presumed measurement errors and demonstrates the
sensitivity towards inaccurate strain determination. Here, an aver-
age value was obtained from three parameter identiﬁcations. The
ﬁrst and the second calculations were done with presumed errors
of eijðPmÞ þ 10% and eijðPmÞ  10% respectively. In addition, theL
B
strain gauge
a
P7
P6 P5
P3
P4
P1
P2
y
x
σ xx
Fig. 12. Left: plate (Al-7075) with incipient edge crack and strain gauges (B = 70 mm, L =
Da  2 mm.third calculation was done with a random error of eijðPmÞ  10%.
Fig. 14 shows results of SIFs for all three error assumptions. Obvi-
ously, there is no rule which one produces upper or lower bounds,
justifying an averaging in Fig. 13. There are some crack lengths in
Fig. 14 exhibiting larger deviations in KI . However, it must be borne
in mind that the measured strains which are taken as basis are er-
ror-prone themselves.
Fig. 13(a) shows the crack length as a function of time. The plot
in Fig. 13(b) shows the loading stress as a function of the observed
crack length. The plot in Fig. 13(c) shows the stress intensity factor
as a function of the observed crack length. In the latter graph, error
bars have been included for the observed values based on maxi-
mum errors going along with measurements of crack length and
load. In Fig. 13(a) and (b), deviations are too small to indicate error
bars.
Observed and identiﬁed results deviate considerably for large
crack lengths. In particular, the identiﬁed crack length in
Fig. 13(a) decreases with time. This behavior can, possibly among
other reasons, be attributed to the fact that the complex potentials
are those for a semi-inﬁnite plate, whereas in the experiment the
crack approaches the edge of the specimen. Besides these expected
methodical deviations, obviously leading to an underestimation of
crack length and overestimation of loading stress, results are tem-
porarily oscillating exhibiting counteracting peaks at approxi-
mately a ¼ 38 mm and a ¼ 21 mm. Closer investigations of this
observation require more experiments, which are about to be done.
5. Conclusions
In this work, the concept of body forces is used for the detection
of cracks and the determination of SIFs by monitoring fatigue crack
growth in a plate. The strain due to the crack is replaced by the
strain caused by body force doublets distributed continuously
along an imaginary crack plane. These force doublets are approxi-
mated by one concentrated body force doublet acting at the crack
center. The method has been presented in a general way and canaΔ
150 mm, thickness: 10 mm), right: in situ observation of crack growth, a ¼ 16 mm,
(a)
(b)
(c)
Fig. 13. Identiﬁed (inverse problem, PSO) and observed results of: (a) crack length a, (b) external load rxx , (c) stress intensity factor K I . The dotted plots are based on
presumed measurement errors, the solid line in (c) contains error bars.
Fig. 14. Stress intensity factors based on strain measurement with presumed errors.
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urations. Assuming inﬁnite and semi-inﬁnite elastic sheets, the
fundamental solutions of stresses are derived from Kelvin solu-
tions. The densities of the body force doublet in the imaginarycrack line are obtained from crack solutions in an inﬁnite or
semi-inﬁnite plate. The unknown crack and loading parameters
are determined by solving the inverse problem using the particle
swarm optimization algorithm. The method has been veriﬁed
2132 R. Boukellif, A. Ricoeur / International Journal of Solids and Structures 51 (2014) 2123–2132numerically assuming an inclined internal crack and homogeneous
external loads and experimentally for an edge crack exposed to
cyclic loads. The results of the inverse problem are in good agree-
ment with the FE- and experimental data within a wide range of
parameters. Extended investigations reveal the inﬂuence of differ-
ent types of measurement errors and the sensitivity of the param-
eter identiﬁcation towards increasing distances between strain
gauges and the crack. Larger deviations in the experiment are
due to the ﬁnite extension of the specimen. Future work will ex-
ploit the promising method with respect to bounded structures
and curved crack paths.
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